
𝐸[𝑋] = 𝑋̅ = ∫ 𝑥𝑓𝑋(𝑥)𝑑𝑥 
𝐸[𝑋]

= ∑ 𝑥𝑝𝑋(𝑥) 

𝑉𝑎𝑟(𝑋) =
𝐸[𝑋2] − (𝑋̅)2  

𝐸[𝑔(𝑥)]

= ∫ 𝑔(𝑥)𝑓𝑋(𝑥)𝑑𝑥 

𝑝𝑋(𝑥) =
𝑒−𝜆(𝜆)𝑥

𝑥!
, 𝐸[𝑋] = 𝜆, 𝑉𝑎𝑟(𝑋) = 𝜆 𝑓𝑋(𝑥) = 𝜆𝑒−𝜆𝑥 , 𝐸[𝑋] =

1

𝜆
,

𝑉𝑎𝑟(𝑋) =
1

𝜆2
 

𝑝𝑋(𝑥) = 𝑝(1 − 𝑝)𝑥−1, 𝐸[𝑋] =
1

𝑝
, 𝑉𝑎𝑟[𝑋] =

1 − 𝑝

𝑝2
 

 𝑁 = 𝜆𝑇, 𝑁𝑄 = 𝜆𝑊 

𝜌 =
𝜆

𝜇
 

𝜋𝑛 = 𝜌𝑛(1 − 𝜌),   
𝑛 = 0,1, .. 

𝑁 =
𝜌

1 − 𝜌
 𝑇 =

1

𝜇 − 𝜆
 

𝜌 =
𝜆

𝑚𝜇
 𝑃𝑄 =

𝜋0(𝑚𝜌)𝑚

𝑚! (1 − 𝜌)
 𝑁𝑄 =

𝜌𝑃𝑄

1 − 𝜌
 𝑇 =

1

𝜇
+ 𝑊 

𝜋0 = [∑ (
𝜆

𝜇
)

𝑚

𝑛=0

𝑛

 
1

𝑛!
]

−1

 𝜋𝑛 = 𝜋0 (
𝜆

𝜇
)

𝑛 1

𝑛!
 

𝜋𝑚 =
(

𝜆
𝜇

)
𝑚

/𝑚!

∑ (
𝜆
𝜇

)
𝑛

/𝑛!𝑚
𝑛=0

 

𝜌 =
𝜆

𝜇
 𝑅 =

𝜆𝑋2 ̅̅ ̅̅

2
 𝑊 =

𝑅

1 − 𝜌 
 𝑊 =

𝜆𝑋2 ̅̅ ̅̅

2(1 − 𝜌)
+

𝑉2 ̅̅ ̅̅

2𝑉 ̅
 

nonpreemptive 

𝑊𝑘 =
∑ 𝜆𝑖

𝑛
𝑖=1 𝑋𝑖

2 ̅̅ ̅̅

2(1 − 𝜌1 − ⋯ − 𝜌𝑘−1 )(1 − 𝜌1 − ⋯ − 𝜌𝑘 )
 

 

preemptive 

𝑇𝑘 =
(1/𝜇𝑘)(1 − 𝜌1 − ⋯ − 𝜌𝑘 ) + 𝑅𝑘

2(1 − 𝜌1 − ⋯ − 𝜌𝑘−1 )(1 − 𝜌1 − ⋯ − 𝜌𝑘 )
 

𝑅𝑘 =
∑ 𝜆𝑖

𝑘
𝑖=1 𝑋𝑖

2 ̅̅ ̅̅

2
 𝑊 ≤

𝜆(𝜎𝑎
2 + 𝜎𝑏

2)

2(1 − 𝜌)
 

𝑁 = ∑
𝜆𝑖𝑗

𝜇𝑖𝑗 − 𝜆𝑖𝑗
(𝑖,𝑗)

 
 Time reversible 𝜋𝑖𝑃𝑖𝑗 = 𝜋𝑗𝑃𝑗𝑖  

Burke’s theorem MM1,MMm etc. : 1) Departure Poisson process, 2) At each time t number of 
customers in the system is independent of the sequence of departure times prior to t 

𝜆𝑗 = 𝑟𝑗 + ∑ 𝜆𝑖𝑃𝑖𝑗
𝐾
𝑖=1   Jackson’ theorem : 𝑃(𝑛) = 𝑃1(𝑛1)𝑃2(𝑛2) … 𝑃𝐾(𝑛𝐾),   𝑃𝑗(𝑛𝑗) = 𝜌

𝑗

𝑛𝑗(1 − 𝜌𝑗) 

Closed net: 𝜆𝑗 = ∑ 𝜆𝑖𝑃𝑖𝑗
𝐾
𝑖=1 ,  𝑃𝑗̂(𝑛𝑗) = {

1 𝑖𝑓 𝑛𝑗 = 0

𝜌𝑗(1)𝜌𝑗(2) … 𝜌𝑗(𝑛𝑗) 𝑖𝑓 𝑛𝑗 > 0
,  𝑃𝑛 =

𝑃1̂(𝑛1)𝑃2̂(𝑛2)…𝑃𝐾̂(𝑛𝐾)

𝐺(𝑀)
 

Global Balance eq. : 𝜋𝑗 ∑ 𝑞𝑗𝑖
∞
𝑖=0 = ∑ 𝜋𝑖𝑞𝑖𝑗

∞
𝑖=0  Birth death type: 𝜋𝑗𝑞𝑗𝑖 = 𝜋𝑖𝑞𝑖𝑗, 𝑖, 𝑗 =

0,1, .. 
    

 


